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A REVIEW OF THE PACKING PROBLEM
BY

HERBERT SOLOMON and HOWARD WEINER

Key Words and Phrases: random packing, parking problem, Palasti
conjecture, applications.

ABSTRACT

The random packing problem has been of interest to investigators
in several disciplines. Physical chemists have investigated such
models in two and three dimensions. Because of analytical diffi-
culties, one-dimensional analogues have been explored and these
are referred to as the parking problem. A number of results are
explored and attempts are made to tie them together. Applications
are also highlighted.

INTRODUCTION

This paper is a selected yet comprehensive review of asymptotic
methods and results for sequential random packing in one and higher
dimensions. In one dimension, it is known as the parking problem.
Section I contains theoretical methods for the parking problem
developed by Renyi (1958) and another approach by Dvoretzky and
Robbins (1964). This is followed by a generalization by Solomon
(1967). We also consider simulation and computational methods for

obtaining the asymptotic parking constant (mean packing density in
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one dimension) C = .74759 (to five decimal places) developed by
some authors and demonstrate its value to 15 decimal places.

Higher moments and a central limit theorem, and one-dimensional
extensions with non-uniform length cars, are discussed. Section II
considers the two-dimensional Renyi case, for which most simulatiouns
indicate that the Palasti conjecture, namély the asymptotic parking
constant is Cz, is false. The Palasti conjecture in general
asserts that mean packing density in n dimensional sequential
random space filling 1is the nth power of mean packing density in
one dimension. Higher dimensional simulations indicate a further
departure than in two dimensions from the corresponding Palasti
conjecture. Section III gives a critical review of two published
theoretical approaches to the two-dimensional situation. Comments
on possible directions for research on the two-dimensional case
are given, Some applications are discussed throughout the paper

and featured along with miscellaneous remarks in Section IV.

I. One Dimension

In his pioneering paper, Renyi (1958) mentions a three-dimen-
sional random sphere packing problem posed by the physical
chemist, J. D. Bernal. It was thought that the mean random
packing density of molecules (spheres) for the inert gases
could serve as a classification index for these elements. Since
three-dimensional mean packing was mathematically intractable,
Renyi decided to explore a simpler situation; namely the random

packing (parking) mean in one dimension. The Renyi one-dimen-

sional parking problem is as follows. On the (parking) interval

?ﬁ {0,x], x > 1, a unit-length segment (car, is placed (parked)
- with its left end uniformly distributed on (0,x-1). Independent
;, of the first car, a second unit length car is placed uniformly on
;g the interval (0,x). If the second car does not overlap the
;: parked car, then it is considered parked. If it does overlap the
E; first car, then it is discarded. The process continues until no

new car may be parked, that is, a unit length is not vacant.

S AR o

\ ‘-"-.
I AR RS S,



In the mid 1950's, the first author while at Columbia Univer-
sity heard this same problem posed by C. Derman and M. Klein who
were colleagues there. They also provided some initial develop-
ment. The motivation was some consternation by Derman and Klein
over the car parking problem in the streets of New York City.
Thus on two sides of the Atlantic Ocean at approximately the same
time but without any knowledge of each other's efforts and from
two different motivations, we have work beginning on the parking
problem. Derman and Klein who did not publish on this topic told
Robbins, also at Columbia, of their model and he with Dvoretzky,
who frequently visited Columbia in the 1950's, developed an
approach that appeared later, Dvoretzky and Robbins (1964).

We now present the Renyi (1958) and Dvoretzky and Robbins

approaches and results.

Let
(1.1) N(x) = total number of cars of unit length that
may be parked on a parking interval on length x.
Let
(1.2) M(x) = E(N(X)).

The Renyi parking problem in one dimension is to show that

(1.3) lim M(x)/x = C

X+
and to evaluate C explicitly. To do this, the original approach
of Renyi is now given. The first car is parked at (t,t+l) on
the parking interval (0,x+l). The mean number of cars parked
to the left of the first car is M(t), and the mean number to
the right of (t,t+l) is M(x-t). Since the coordinate t is
drawn from a random variable which is uniform on (0,x), it
follows that

X

(1.4) M(x+l) = ;1(- J M(t) +M(x-t)de +1
0
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or

X
(1.4a) M(x+1) = 1 + 3-j M(u)du
*Jo

with
M(x) =0, 0<x <1
M(x) =1, 1<x<2,

Renyl proceeds as follows. Multiplying (l.4a) by x, and

taking derivatives, we get
(1.5) xM' (x+1) + M(x+1l) = M(x) + 1.

Let the Laplace transform for M(x) be

a0

(1.6) ¢ (x) = J e S™M(x)dx,
0

s =0+ 1it, o > 0

That the Laplace transform exists follows from 0 < M{(x) <x.

Multiplying both sides of (1.5) by e %* and integrating with

respect to x, one obtains, using M(x) = 0, 0 < x <1,

(1.7a) IQ M(x+1)e-3tdx = 3 J H(u)e-usdu = es¢(x)
0 1l

(1.7b) [u ™' (x+1)e Fdx = - 39 (&3 fn M’ (u)e %Sdu) ,
0 s 1

and an integration by parts yields, using 0 < M(x) < x,

(1.7¢) Ic M'(u)e “Sdu = sé(s) .
1

Bence (1.5), (1.7a-c) yield

(1.8) ~(se%(s)) " + %0 (s) = 20(s) + % .

-
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To solve (1.8) for ¢(s), let w(s) = es¢(s), then w(s)

satisfies

(1.9) sw'(s) = -2w(s)e ° -

(7} [
.

Since, for s > 0,
(1.10) 0 < w(s) < eS Jo xe-sxdx,
i

it follows that

q
(1.11) lim w(s) = 0 ,

S

hence the first-order differential equation (1.9) may be solved

by the method of variation of parameters to yield

1 t 1- -u
(1.12) w(s) = -3 fm exp[-s J 2 duldt ,
s ’s s ¢
so that
e S (© t 1-e ¢
(1.13) ¢(s) = - J exp(-s I S dulde .
s ‘s s
Hence
2 £ o1
(1.14) lim s"¢(s) = Jﬁ exp[-2 [ ( " Jduldt = C= .748 .
s+0 0 0
t
Since a(x) = J M(u)du 1is monotone increasing and since
0
(1.14a) 32 Ic e 4o (x) = sz¢(s) .
0
by a Tauberian theorem, and (1.14),
1 (* c
(1.14b) lim —Z-J M(u)du = 7 -
x> x ‘0
5

)



Dividing (1.4) by x+1 and letting x -+ =, one obtains (1.3).

Renyl next observes that the linear function
(1.15) L(a,x) = ax + a-1

satisfies (1.4) identically for any value of the constant a.
It is then shown that

(1.16) lim (M(x)-Cx) = C-1 .
r’@

The second moment, Mz(x) = E(Nz(x)) is then approximated. If

0 <t <x is a value of a uniform random variable on (0,x),

then by conditioning on t, one may write
(1.17) N(x+1) = Na(t) + Nb(x—t) +1,

where Na(t), Nb(x-t) are independent and Na(t) is distributed
as N(t) and Nb(x—t) is distributed as N(x-t), respectively.

From this we obtain the equation

X

(1.18) Mz(x+l) = % J (1+M2(c) + Mz(x-t) + 24(t)

0
+ M (x-t) + 2M(t)M(x-t))dt ,

so that

4

x t
(1.19) Hz(xﬂ) =1 + =y J M(t)dt + ;2‘- j M(t)M(x-t)dt

0 0
2 t
+—J M. (t)de .
x 2
0
Using a strengthened version of (1.16), namely

(1.20) M(x) - Cx + C-1 = 0(x™™) all n>1,

it is then inferred that
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(1.21) Var(N(x)) = 0(x)

The result of (1.21) is sharpened by Dvoretsky and Robbins (1964)
and they obtain a central limit theorem for the packing random
variable in two ways. This is described next. For k = 1,2,3,...,

let
(1.22) 8, (1) = E®G) - 2(C,x)*

Using the conditional independence argument of Renyi, and the
fact that 2(C,x+l) = 2(C,t) + 2(C,x-t) + 1 for 0 <t < x, 1t
follows that

1 k k. (%
(1.23) ¢k(x+l) =X Y (2) j ¢1(t)¢k—z(x-t)dt .
=0 0

From (1.23) and some asymptotic results for integral equations, they

are able to show that for all x > 0,

(1.24) inf M(Ei{l <C< sup -!SE%%l ,
X <t < x+l x <t < xt+l ¢

a result used later by Blaisdell and Solomon (1970) to obtain
estimates of C to many decimal places. Dvoretsky and Robbins
also show by induction from (1.23) that for all 0 < ¢ < 1,

where
(2k)! .k
(1.26) c = \
2k ok T2
where
- . Var(N(x))
(1.27) 0 < xz = llm "

..........
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From this, it is shown that, if ¢ = 1 that

2’
(k/2], , [k/2] f
(1.28) l-:(N("JL’L)k = S b ‘
Aar (NG O 2x+o(x))k/ 2
hence that
k!
, kK even
N(x)-M(x).* zklz(%)!
(1.29) lim E(—X2=28XJy
xw=  Nar(N(x)) 0 kK odd .

Since these are the moments of the normal distribution, which
is uniquely determined by its moments, the central limit theorem

now follows from the convergence of moments.

Theorem,
L
(1.30) NGYMO) S neo,1)

War (N(x))

Dvoretzky and Robbins also prove the central limit theorem by
a Lyapounov argument using second moments and the conditional
independence of N(xl),N(xZ),...,N(xn), the numbers of cars parked
in disjoint open intervals of (0,x) given that n-1 cars have
already been parked.

Mannion (1964) has also obtained the asymptotic behavior of
M(x) and Var(N(x)) by methods similar to Renyi and calculated

the approximation

(1.31) m YARAGD) L ¢ . 035672 .
X
In (2.9) we compute C2 = ,038156 and thus differ slightly.
Ney (1962) and Mullooly (1968) have used a more complex
version of Renyi's ideas to extend the asymptotic moment results
to cars of random lengths which follow a probability distribution

bounded below by a positive constant. See also Weiner (1978).
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Goldman, Lewis and Visscher (1974) have also obtained related one
dimensional results for random car size where car length follows
a given distribution, bounded above and below, and there is a
termination probability, such that after a geometric number of
attempts to park a car are unsuccessful, the attempts terminate
with probability p. The equation for EN(t) = M(t), the mean
total number of parked cars, with length given by density g(x),

distribution function G(x), 1is obtained as

_ G (x) 2 [* gudu [*¢
M(x) = -1 (x)) (1-p) 1+ ) Jo — Jo M(s)ds] .

If Mk(x) = ENk(x),

X X-u

where

s u®g (u)du

k
E(L ]L<x)=——W.

k=1,2,... .

Some numerical results indicate that the empirical frequencies
of car lengths do not correspond to the theoretical frequency g(x),
since, e.g., short cars pre-empt spaces so that longer cars may not
park. A conjecture of Lewis and Goldman in Goldman, Lewis and
Visscher (1974) that the mean fraction of parking interval covered
is an increasing function of the coefficient of variation of the
underlying length distribution is somewhat tenable by experiment.
See also Weiner (1980b) for a central limit theorem obtained from
asymptotic moments similar to that in Dvoretzky and Robbins (1964).

A one-dimensional model by Solomon (1967) for sequential

parking of unit length cars onm a curb (0,x), x > 1 is as follows:
The left end of each unit length car is uniformly distributed on

(—a,x-1+8) where a+8 =n < 2, a <1, B < 1. If the first car

lands such that it overlaps (0,x), it is shifted to the right

9
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::3 (if it covers the origin) or to the left (if it covers the point x)
,5ﬂ until it is at (0,1) or (x-1,x), respectively. Otherwise it
ot is parked as in the Renyl model. Successive cars are parked as
iy
ﬁ|: follows: 1If a car lands in a space within (0,x) which can
}é; accommodate it, then it is parked there. If it overlaps either
soht
A end of (0,x), it is shifted until it just fits into (0,x) and
N parked there if and only if there is an empty space at (0,1) or
A
Wgh (x-1,x). Otherwise it is discarded, since it then overlaps an
% already parked car. If the new car overlaps a parked car on the
Y
o left by a length less than or equal to a, then the new car is
e shifted to the right until its left endpoint is at the right
’;ﬂ endpoint of the parked car that overlapped with it. It is then
{‘u
’:ﬁ parked if there is space for it, otherwise it is discarded.
N Similarly, for overlap to the right by a length less than or equal
'si to 8, the new car is shifted to the left and parked if there is
bt ¢
}E; space. The process continues until no further cars may be parked.
.J¢ To summarize, cars are parked as in the Renyi model, except that
- |
cars which overlap are not immediately discarded, and are parked {
Pkt at the next adjacent space contiguous to the already parked car,
1 AR :
> if available. Let
SN
- {-
Y
Pl
- (1.32) K(s) = mean total number of cars
e
O
;:: which may be parked on (0,x) in accord with a Solomon model.
Jig Then, conditioning on the placement of the first car, one obtains
N
s the equation
i:;‘ n 2 x-1
"L = - —_—
‘:ﬁ (1.33) K{(x) 1+ porwy) K(x-1) + v Jo K(u)du .
LN
2= 0
For n = 0, this is the Renyi parking scheme. The asymptotic
**:: packing scheme for n = 2 is indicated as follows, using a syste-
LS
‘i_j matic method which yields asymptotic packing constants in a form
P
o which differs from that of Renyi. From (1.33) with n = 2,
X
gy
.':\‘
b ;-\"
y j-t‘
o 10
3
.
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x-1
(1.34) (x+1)K(x) = x+1 + 2K(x-1) + 2 J K(u)du .

0
Since K(x) =0, 0 < x <1, K(x) =1, 1 < x <2, upon multiplying
(1.34) by e-sx, s > 0, and integrating from 1 to =, one
obtains, with ¢(x) = f: e-sxK(x)dx,

(1.35) o' + e 2e S+ d ey - nd v e
S

We now provide more detail because the methods uf Renyi may

not apply to the extended model. This model is a one-dimensional

analogue of the three-dimensional model where shaking is permitted
to allow unit spheres to settle and provide more space for addi-
tiona’® spheres, thus increasing the mean packing constant.

A straightforward solution of (1.35) may be obtained using

the method of integrating factors, as follows. Let

® =y
(1.36) Q(s) = ¢(s)exp[-s-2e °-s J 3;— du] .
S
Since K(x) < x, for s > 0,
(1.36a) $(s) < e %/s .

Then from (1.35), (1.36),

-u

@ e = -G+ P eml-s-22 [ )
S S

From (1.36a), (1.37), Q(») = 0, and if one integrates Q'(s)

from t to « one obtains

o ~-u
(1.38) Q(t) = J (% + -—%—)exp(-Z[s*-e-s + r E;— du])ds .
t S S

11
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An interesting representation for Euler's constant Yy 1is

1 l—e-u -u
(1.39) Y!J du-r € _ du.
u 1 u

This representation is important in the development of
(1.47) - (1.51) that follow. The desired representation (1.39)
is obtained as follows:

(1.40) Yy = - Ja et log t dt ,
0
and so
1 -t .
(1.41) Y = - J e log t dt - J e log t dt .
0 1

Then (l.41) may be written
1 -t -t
(1.42) Y = - J log t d(1l-e ") + Jw log t d(e )
0 1

and the integration by parts indicated in each term of (1.42)
yields (1.39). The following expression for Y will be needed.

t l-e-u 1 1 -u
(1.43) Y = J du + J = du - J’ £ _ 4
o VY ¢ U ¢ U

where 0 < t <1, This is obtained by writing (1.39) as

£t 1) v -¢

(1.44) y:J ____du+J du_re o

u u u
0 t 1

and one may split the middle integral of (1.44) to obtain

t l-e-u 1 du 1 e-u ® -4
(1.45) Y = J du + J —_ - J — du - J £ _4u.
u u u u
0 t t 1

Combining the last two integrals of (1.45) yields (1.39).
From (1.36), (1.38) one obtains

12

x\’}bﬁ\.‘f\(\. o \\.-.:-" \i



T T WYY VPR TR Y N WU TSP T T S YR Y

L -u
(1.46) o(t) = [exp(t+2e C-242 [ e—u— du + 2v)
t
2, 1 -5 e
(;+—2-)exp(-2[s+e -l4+y'+ f ~ du})ds .
t S S

Using a Taylor expansion on the first integrand on the right of
(1.44), and integrating term by term yields, for 0 < t < 1,

1)l+1 2
(1.47) Y= -log t - r —— du + Z EETYEE
Denote A(t), O < t < = by
2 1 -t e "
(1.48) A(t) = ('E + —5)exp(-2[t+e -1 +Y+ = dul) .
t t

Upon substituting the expression (1.47) for vy in (1.48),
one may let t + 0 to obtain

(1.49) lim A(t) =1 .
t+0

Hence, from (1.49), for 0 < t« 1,
(1.50) I A(x)dx=‘f” A(x)dx - t .

t 0
From (1.46), (1.50), {f 0 < t « 1, one may conclude that
(1.51) TOREES r A(xdx - &,

t
t 0

(1.52) Claim: K(x) 1is monotone non-decreasing for x > 1 .

Proof of Claim. K(x) = 0, 0 < x <1 and K(x) =1, 1 < x <2,

hence assume the claim true for 0 < x < y. Then it suffices to
show that K(y+1) > K(y). From (1.34)

o



(1.53) (y+1) (K(y+1) - K(y)) = 1+2(K(y) - K(y-1))

y
+ ZI K(u)du-R(y+1)
y-1
Clearly, for x > 1,
(1.54) K(x) > x/2 .
Hence (1.54) applied to the right side of (1.53) yields
(1.55) (y¥1) (R(y+1) - K(y)) > y + 1 - R(y+1) > 0 ,

which completes the proof.
From (1.51), one may apply a Tauberian theorem since (1.52)

holds, and conclude that as x + =,

w©

(1.56) K(x)/x ~ (J A(u)du)x - 1).
0

Computer quadratures by Solomon (1967) yield
(1.57) 1.80865 < Iﬂ A(u)du < 1.80866 .
0

He also achieves the result by simulation.

This method (1.33)-(1.57), while somewhat tedious, is a straight-
forward way to obtain asymptotic results which may be used for
general one-dimensional packing equations, and of course, in parti-
cular, to the Renyi model,

An early simulation of the one-dimensional parking problem of
Renyi was due to Solomon (1967). This model produced values that
agreed with the Renyi mean packing constant and obtained
C = .7500 + .02, where .02 is the experimental standard deviation,
using a line of 100 units in length. (See Solomon (1967), Table
VII, p. 130). A similar simulation on the Solomon model in one-
dimension for vy = 2, and a line length of 100 yielded a Solomon

st a n g e Tyl
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constant of .8060 + .02702. (See Solomon (1967), Table VI,
p. 130).

Comments on selected papers in random packing are given in
the four review papers Moran (1966), (1969), Little (1974) and
Baddeley (1977).

11. Two Dimensions.

In 1960, shortly after Renyi's one-dimensional solution of
the parking problem was published, I. Palasti (1960), an asso-
ciate of Renyi, considered a two-~dimensional analog of Renyi's
model, that is, the sequential random packing of unit squares
uniformly at random on an a x b parking rectangle, with
a>1,b>1, where a unit square car which overlaps another
already parked is discarded. The sides of each unit square car
are always parallel to the sides of the a x b parking rectangle.
The process continues until no further unit square cars may be so
parked.

If M(a,b) denotes the mean total number of unit square cars
which may be so parked, then Palasti conjectured that (1960),
(1976)

(2.1) lim  M(a,b)/ab = C2 = (.74759)% = .56 .
a,br=
See also Solomon (1967).

A careful simulation method used by Blaisdell and Solomon
(1970), to assess the Palasti conjecture for the two-dimensional
Renyi model is now described. Analytical attempts at results for
the two-dimensional case have not met with any success.

A simulation to first verify the value of the Renyi constant
in the one-dimensional case is based on a lattice model developed
by Mackenzie (1962). The paper of Blaisdell and Solomon (1970)
will be quoted in parts. A line with integral length n 1is
filled sequentially at random with non-overlapping intervals of
length a, their endpoints having integer coordinates. Hence
there is a linear lattice of n points in which a-tuplets of

15
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neighboring points are occupied at each trial until the maximum
number of neighboring points left vacant is less than or equal
to a-1, The ratio of the number of points left vacant after the
sequential filling of the lattice to the total number of points
available is labeled 1-f. Mackenzie (1962) demonstrated that,
as n tends to infinity, E(l-f) + l1-p. Thus o is analogous
to the packing density.

A rearrangement of Mackenzie's equation for p yields, as
a tends to infinity, and an-1 goes to zero,
b

2Y

(2.2) p =1- (1+an ) (1-C - %(C-e' ya~l + 0(a™%))

where in (2.2), vy is Euler's constant, and hence that, from (2.2),

for large a, and an approaching zero, that

(2.3) p=C + (.2162)(8-1) - (.2524)(an'1) + (.2162)(n'1)

-

Enough experiments were done at each pair of values of a
and n so that the estimated standard deviation of the average
density was close to .0010. Pseudo-random numbers, r, were
generated by a multiplicative congruential method, namely

(2.4) £ip = T (mod (10)°) .

i+1
The simulation was carried out in this way. The index of
a site was i = (n-atl)r (mod(lO)g) for the line or
i+ (n-a+1)2r(mod(10)9) for the plane, with i = 1,2,...,n-a+l
for the line, and i = 1,2,...,(n-a+1)2 for the plane, respec-
tively. If the site was not occupied, a new random number was
generated, If the site was occupiable, a site of a or a2
lattice points was covered and the number of sites rendered
unoccupiable, u = 1,2,,.,,2a-1 for the line, or u=1,2,...,

(28-1)2 for the plane, respectively, was subtracted from the

preceding number of occupiable sites, denoted x. Random numbers

\ _.(.'..._._.hJ
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were generated until x was reduced to zero. A stopping rule
used was to end the simulation if 5,000 random numbers in a row
did.not lead to the filling of an occupiable site. A small
systematic error was thus made. The times taken to put down
the last few sets of points were so long that a program was
written to keep track of the number, x, of remaining occupi-
able sites, and to compute a random occupiable site index
ix = xr(mod(lO)g) and to put down the sets of points at 1x'
A sequence of least-squares line fittings for the one-dimensional
case using successively more non-border simulation points yielded
good agreement with C to four decimal places, using extrapola-
tion a-l 2 0, with an estimated standard deviation smaller than
.001.

Following Blaisdell and Solomon (1970), the square of equation
(2.2) is used to view the Palasti conjecture, ignoring negligible

terms, as -% + @0, -% -+ 0. This yields

2 1 a 1,2
(2.5) T =850 * 310G) * 3 ) 3, Q)
where the aij’ 0 <i <1 may be obtained directly from (2.2).
From (2.5a) and the linearity of the data, a least squares fit

(Blaisdell and Solomom (1970), p. 678, eq. 4 and Figure 3, p. 680)
s .52 1 a 1y @

yields observed values slightly greater than the values in (2.5).

Using non-border points, Blaisdell and Solomon (1970), p. 684,

eq. 8, obtain

2
(2.6) /- c= +doo2s-.0109h")

with an estimated standard deviation of less than .00l.

Thus, (2.6) indicates that the Palasti conjecture is false but
that the difference is small (about .0025) in two dimensions.

L,

17

M NS RN et
[ ‘*u?"'_"'f\_& Li_&up?l‘ie‘.hn,\Qy?l‘i:tf'tl’y’"'t\!,,vl!h X




T Y OV 7O T T T T W YW T T e WY bk Al o

Blaisdell and Solomon (1970) conclude the section on the
Palasti conjecture with Renyi sphere-packing simulations which
suggest that the absolute accuracy of the Palasti conjecture
should decrease with increasing dimension, and indicate the need
for appropriate Renyi cubic packings in higher dimensions, which
Blaisdell and Solomon (1982) later carried out, and is described
below. A condensed summary of the work of Blaisdell and Solomon
(197Q0) is contained in Sharp (1974).

Blaisdell and Solomon (1970) use a result of Dvoretzky and
Robbins (1964) previously alluded to in one-dimension, namely

2.7 e MO o MR

+ +
x<t<x+l e+l x<t<x+l t+l

to obtain C to 15 decimal places. By a similar result ‘or

variances given by Dvoretzky and Robbins (1964), namely that

(2.8) lim Var(N(x))/x = D
b e
and
(2.9) inf l‘ﬁ-“:—ii-)-l <D< sup E—’f—%(—{—)—) ,
x<t<x+l x<t<x+l

Blaisdell and Solomon (1970) were able to compute D to seven
decimals, D = .038156. Monte Carlo simulations using results
of Mackenzie by Blaisdell and Solomon (1970) to estimate C give
good agreement with D = .0382 with an estimated standard devia-
tion of .0003, We have already commented that this varies
slightly from Mannion's result (1.31), namely .035672.

Akeda and Hori (1975) published results of computer experi-
ments which supported the two-dimensional Palasti conjecture.
This was based on two-dimensional squares with n/a = 100, where

a 1is the value of the floating point mantissa. After notifica-

tion of the Blaisdell-Solomon (1970) results which did not support

18

L N e R el



the Palasti conjecture, Akeda and Hori carried out further experi-
wments (1976), performed the necessary extrapolation a/n + 0 and
obtained a discrepancy from the Palasti conjecture which was small,

but significant, namely
(2.10) /8, - ¢+ .0027 + .0002 ,

where .0002 1is the experimental standard deviation. This essen-
tially reproduces the Blaisdell-Solomon result. Akeda and Hori
(1976) also studied the three~dimensional Renyi model by a differ-
ent and undescribed method, For various integral values of a/n,
and on extrapolation of a/n + 0, for 53 the experimental

packing constant, they obtained
(2.11) (53)1/2-C = - ,0018 + .0008 ,

where .0008 1is the experimental standard deviation. Blaisdell
and Solomon (1982) comment that the discrepancy in three-dimensions
(2.11), is of opposite sign from that in two-dimensions, (2.10),
and that the line through the individual points in the three-
dimensional case crosses the expected extrapolation line, both
results intuitively unappealing.

Finegold and Donnell (1970) published a two-dimensional Renyi
simulacion by a fine-mesh method. In this method, the parking lot
is covered by a fine mesh of squares much smaller than the unit
square car. A disc-shaped car is centered on a square, and the car
is then reprecented by the minimum set of fine squares which will
completely cover the area of the car. The square parking lot was
divided into a mesh of 1024 x 1024 fine squares: the availability
status (i.e. whether or not a fine square was available for a car
center) was stored as a bit in a single megabit array. By an
appropriate counting, the problem of making many trials to avoid

overlaps is eliminated, which is unavoidable in the large-mesh

19
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method. As the center location for each car is randomly selected
directly from those fine meshes available, then the neighboring
region thereby excluded to another car is also determined and
recorded in the megabit array., To identify thd next vacant
fine squares on which a car center may be randomly parked, two
additional integers for each row of the 1,024 x 1,024 array are
used for bookkeeping purposes. An integer array is used to
record the coordinates of the car centers. The method has the
advantage that the computer time required to find a location
for each car is the same for each car parked, even though the
time to park a car is long, including all bookkeeping. The
authors claim a packing density of .5538 + .0035, with "...
simulations with more realistic periodic boundary conditions
which do not require extrapclation,' and an undescribed "course
mesh" method, presumably using a unit square grid which gives
lower and upper bounds for the packing density of .5629 + .0016
and .5649 + .0016, respectively. The authors then claim that
as the course and fine mesh results bridge the value C2 = ,5589,
that the Palasti conjecture should not be rejected.

Blaisdell and Solomon comment ((1982), pp. 383-384) that
the assertion quoted above, that extrapolation to a/n + 0 is
unnecessary, is incorrect. It is also to be noted that in an
unextrapolated coarse mesh method with periodic boundaries (as
mentioned in Finegold and Donnell (1979)) cars with centers in
the parking square are counted even though a portion of the car
may overlap the parking square, hence these edge effects in a
finite parking square, prior to extrapolation, can yield too
high a value for the packing density 52.

Jodrey and Tory (1980) gave results on the Palasti conjecture

for dimensions 1, 2, 3, 4 based on computer experiments with

periodic boundaries and obtained extrapolation values as follows
(C = .74759):
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(2.12) py - C - .0004 + .0005

1
(@]
]

+ .0021 + .0002

-C

.0029 + .0002

(56)1/" - C = .0003 + .0006 .

1/2'-C obtained by three of the sets of

The values of (52)
authors; Akeda and Hori (1976), Blaisdell and Solomon (1970),
(1982), and Jodrey and Tory (1980) are in good agreement, .0027,
.0025, .0021, respectively, and show a small but significant
departure from the two-dimensional Palasti conjecture in a
direijﬁon that is intuitively appealing. The values of

0 -

03)

Tory (1980) are in poor agreement, -.0018 and +.0029

C obtained by Akeda and Hori (1976) and Jodrey and

respectively.
The variance of the limiting packing density has also been

investigated. The results of Blaisdell and Solomon (1982) are
described as follows. Let

(2.13) g, = SLIAA+H] » 4,6

as a/n~+0, 1/a - 0, and Az(a) is an undetermined power series
in 1/a. A least squares treatment of one-dimensional data in

Blaisdell and Solomon (1970) yielded, as noted earlier,

(2.14) y, = -0381 * (.0003) + (.0161 + .0065)1/a

1.2
+ (-.0422 + .0238)()) ,

where 0.0381 is in good agreement with the result 0.038156
obtained by Blaisdell and Solomon (1970) by using the theore-
tical bounds for the variance developed by Dvoretzky and Robbins
(1964) in (2.9).

A plausible generalization of (2.13) for d dimensions

(i.e. choosing d coordinates for a potential parking site as

21
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AN
\'1},.:: noted earlier, generalizing the development after (2.4) {s
.)- (Blaisdell and Solomon (1982))
‘l.;‘Q 2, .a a,.d
(2.15) Yg = sl QA+ .

This was found to be in good agreement with the two-dimensional

data (Blaisdell and Solomon (1970), namely,

H.”? 1.3
i " (2.16) Yy = .0508 + .0010 + (1.397 + .3905) (;)
] 1,4

wE + (~3.6660 + 1.1400) (-5)

2}; Average values for yq are given for various authors as
:j follows:
R Akeda and Hori (1975) y, = 0402 +.0213

3N Akeda and Hori (1976) Yy = .0482+ .0135, y3 = .0413+.0206
":',. Blaisdell and Solomon (1970) ¥, = .0393 +.0014, ¥, = .0526 + .0027
o Jodrey and Tory (1980) y, = -0400 + 0058, y,= .0468 + .0069, ‘

/ yy=.0451%.0101, y, = .0324 +.0176

_::'_ Blaisdell and Solomon (1982) Yq= .0519 + .0062, Y, = .0518 + .0158.
*23}'

:’:: The experiments in three and four dimensions on the Palasti
Do conjecture for the Renyi model by Blaisdell and Solomon (1982),
;", will now be described. Finite lattices with rigid boundaries are
\ ¢ used, (i.e. no overlap of parked cars with boundaries) since this
: is easier to program and allows an exact accounting of every
N lattice site as occupied or unoccupiable, although as Jodrey and
gv' Tory (1980) have pointed out, this method results in a loss of
E'..: accuracy when extrapolating to n -+ «. Authors using floating
:tj point arithmetic have not agreed with each other nor with the

results of Blaisdell and Solomon (1983) in three-dimensions. One
possible explanation for this is the occurrence of holes which
present a very tight fit in at least one dimension, and may have

been missed due to round-off error. The likelihood of these tight
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fits will increase with increasing dimension and may account for
the fact that the packing densities found by Jodrey and Tory (1980)

are increasingly lower than those of Blaisdell and Solomon (1970),
(1982) in dimensions 2, 3, and 4.
Let, for d = 1,2,3,4,

(2.17) Xy = (1-(Bd)l/d)/(1+~%) - 2524 + .2162a L .

A least squares fit of the data for d = 3,4 Blaisdell and Solomon
(1982) shows that the intercept (a measure of departure from the
Palasti conjecture) increases with dimension. The fitted coeffi-
cient of l/a2 (a measure of departure from the limiting equation
(2.17)) decreases with dimension. For each dimension 1, 2, 3, 4
respectively, the fit yields almost constant estimates of the
parameters, indicating that the model fit is satisfactory. A
search was made for further temms which might significantly

improve the fit by an all possible subsets regression computer
program, The results are that a significant improvement in the
standard error of estimate is not made upon addition of the extra
terms if n/2 > 5. Further, there is no trend in the residuals,
tending to indicate that the model is satisfactory. The conclu-
sions, as indicated earlier, are that for these computer experi-
ments by Blaisdell and Solomon (1970), (1982) on random sequential
packing of finite lattices with rigid boundaries in dimensioms 1,
2, 3, and 4 a discrepancy in the Palasti conjecture in the limit

as %-’0, %-'0 is as follows
(2.18) G2 -

(53)1/3 - C » .0084

| (54)1" -C - .0127 .

Cc +- .0037

The following is a table summarizing the experimental results

commented on in Section II, from Blaisdell and Solomon (1982).
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TABLE

Average Normalized Variances for Sequential Random Paking Densities

References Dimension Y4 Notes
Akeda and Hori (1975) 2 0.0402 + 0.0213 (a)
Akeda and Hori (1976) 2 0.0482 + 0.0135 (a)
Akeda and Hori (1976) 3 0.0413 + 0.0206

Jodrey and Tory (1980) 1 0.0400 + 0.0058

Jodrey and Tory (1980) 2 0.0468 + 0.0069

Jodrey and Tory (1980) 3 0.0451 + 0.0101

Jodrey and Tory (1980) 4 0.0324 + 0.0176

Blaisdell and Solomon (1970) 1 0.0393 + 0.0014 (b)
Blaisdell and Solomon (1982) 2 0.0526 + 0.0027 (b)
Blaisdell and Solomon (1982) 3 0.0519 + 0.0062

Blaisdell and Solomon (1982) 4 0.0518 + 0.0L%8

Aaabiaiati uhi-o i adit-aRat na=lier Buc Mae gah Coc de b poe po s K0 2. oun al

Notes, (a) Only the values for squares of edge > 40
have been used.

(b) Only a subset of the values obtained in Solomon
and Blaisdell (1970) have been used, to allow
about the same number of values for each of the
four dimensions.

III. Heuristic Attempts at the Palasti Conjecture.

Palasti (1960) and Weiner (1978) have attempted to prove the
Palasti conjecture in the plane. The unproved assumptions on which
the purported proofs rely will be indicated. V

Palasti (1960) based her proof on her

HYPOTHESIS A:

Let M(x,y) be the mean total number of unit squares which are
parked in an xXy parking rectangle in accord with the Renyi

parking model. Then there exists a constant A such that

A

(3.1) MG +x,,9) = M(x),Y) - Mxy,¥) | < Ay

IM(x,yl'PyZ) - M(XQYI) - M(X’YZ)l i AX.
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Assuming Hypothesis A, Palasti then attempted to show that

(3.2) lim  M(x,y)/xy = a ,
X,y+r®
where a 1is an undetermined constant.

However, Palasti (1976) gives the following quoted interpre-
tation to Hypothesis A, (3.l1), "Let us consider the illustrative
meaning of the hypothesis. We can imagine that the (parking)
rectangle has already been filled by unit squares placed randomly
in the above mentioned way. Then the hypothesis means that if
the (parking) rectangle is divided into two parts by a straight
line (or by a band having unit width parallel to the axis X),
then at most x unit squares would be intersected by this line
(or at most 2x unit squares will be partly covered by the unit
wide band). Naturally the same is true for the straight lines
parallel to the axis, Y, that is at most y unit squares can
be touched by these lines." This justification draws the
following false conclusion, namely that the mean total number of
unit squares which are parked on an xIXy rectangle is the same
as the mean total number of unit squares parked on an x1Xy
subset of an (x1+x2)Xy parking rectangle. This latter assumption
has not been proved. That it is most likely false is substantiated
by, e.g., simulations of Blaisdell and Solomon (1970), p. 680,
where the parking density is found to vary with the size of the
parking square. Hence Hypothesis A seems vitiated.

Palasti (1976) considers a different two-dimensional parking
model closer to the one-dimensional Renyi model, and shows that
her conjecture holds for this model, described as follows: A
unit square is dropped uniformly at random on an xXy parking
rectangle. The edges of the unit square are prolonged until they
intersect the edges of the parking rectamgle. The four unit-width
columns so formed are each packed with tight-fitting unit squares
in accord with a one dimensional Renyi model, with each column

treated separately. Each of the four new rectangular regions
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formed are separately considered as new parking rectangles, a
unit square parked on each uniformly at random, and the process
continues as before until no new unit square cars may be parked.
Let R(x,y) denote the mean total number of unit square cars
which may be parked in accord with this Palasti scheme. It is
clear that, conditioning on the location of the first parked
square, and if M(x) denotes the mean total number of unit length
cars parked in accord with a Renyi scheme on a parking segment of
length x, with M(x) =0, 0 <x <1l. M(x) =1, 1<x <2, then
(this equation differs from that in Palasti (1976) in notational

use)

4 (X (Y
(3.3) R{(x+1,y+1l) = — J J R(u,v)dudv
oo
2 (* 2 (¥
+ = J M(u)du + = J M(u)du + 1.
*lo Yo

By a tedious argument involving partial differential equations,

and invoking unicity of solutions, Palasti is able to show that
(3.4) R(x,y) = M(x) M(y)

is the solution. It is to be noted that (3.3) could have been more
simply obtained by direct substitution of (3.4) into (3.3), using
the previously given equation

x

(1.4a) M(x+l) = 1 + 3-[ M(u)du,
XJo

M(x) =0, 0 <x<1, M(x) =1, 1<x<2,

and from (3.3) it is clear that the Palasti conjecture holds, since,

as given earlier,

(1.3) 1im M) | o
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However, this model was not related to the two-dimensional Renyi
model, hence the result (3.5) cannot be applied to prove the
Palasti conjecture, which had been proposed in connection with
the Renyi model.

Weiner (1978) published a purported proof of the two dimen-
sional Palastl conjecture for both the Renyi and Solomon models.
The two dimensional Solomon model involves shifting a unit square
dropped uniformly at random on the parking rectangle, which over-
laps a prior, parked square either horizontally and or vertically
the shortest distance to an empty parking space (if one exists)
immediately adjacent to the overlapped parked unit square, and
discarding the unit square if no such parking space exists. The
process continues until no further unit square cars may be parked.
Let M(x,y) and K(x,y) denote the mean total numbers of unit
square cars which may be parked on an =xXy parking rectangle.

The Palasti conjecture is that

(3.6) lim M(x,y)/xy = C2 = (.74759)2
X,y»®

and

lin K(x,y)/xy = d® = (.806)2 .
X,y
Weiner's argument rested on some unproven, untuitively argued
propositions (Weiner (1978), Lemma 3, p. 806; Lemma 7, p. 809),
namely that for x,y sufficiently large,

(3.7)(a) M(x,y+l) > M(x,y)
M(x+1,y) > M(x,y)
M(x+1,y+1) > M(x,y)

M(x+l,y) . M(x,y)
(3.7)(b) —Tx_-#f;'yy_f-—_%_
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(3.7 () M(x,y) + M(x) > M(x,y+1)

M(x,y) + M(y) > M(x+l,y)

The intuitive arguments to support (3.7a-c) are based on the
fact, as may be straightforwardly shown, using (3.5), (3.6), that
for x sufficiently large,

(3.8) M(x+1)/x 1is monotone increasing.

If the (x+1)X(y+l) parking rectangle is placed on the positive
quadrant with two perpendicular edges along the x and y axes !
respectively, then the mean total number of unit square parked cars
which intersect the line segment from (1,0) to (1,y+l) is

clearly M(y+l). Each such parked car was considered to be the
initial car in a series of "staggered rows" which reached across

the parking rectangle along the x direction to the right side
boundary given by the segment (x+1,0) to (x+l,y+l1). Consider-
ing the x-component of each staggered row alome, the mean total
number of unit square cars in each staggered row was deemed to be
M(x+1). As pointed out by various critics, however, Hori (1979),
(1980); Tanemura (1979), (1980); Tory and Pickard (1979), (1980);
Weiner (1979), (1980), did not account for all unit square cars,

and there may be non-uniqueness in the definition in certain
configurations.

A later argument published by Weiner (1979) attempted again to
demonstrate (3.7a-c). For example, that M(x+l,y) > M(x,y), a
given configuration of parked cars filling the xXy rectangle, the
resultant parked cars shrunk in a unique way to unit square size,
and the (possibly) resultant opened up parking spaces filled in
accord with the Renyi scheme for an (x+1)Xy rectangle. It was
then claimed that since every filled parking configuration on xXy
can be mapped into (x+1)Xy, with (possibly) some empty parking
spaces, that it therefore followed that M(x+l,y) > M(x,y). However,
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as pointed out, Hori (1980); Tanemura (1980); Tory and Pickard
(1980), such a mapping may not (and probably does not) map the
probability distribution of the final configuration on xXy to
a probability distribution on (x+1)Xy 1n any tractable manner.
Hence the alternative proof is incomplete. In fact, Weiner
(1978) did acknowledge the heuristic, incomplete nature of the
arguments. Based on the unproved (3.7a-c), Weiner (1978)
attempted to bound M(x,y) above and below by parking models for
which integral inequalities could be written, and which would be
hopefully related to M(x)M(y).

The purported proofs that the presumed tractable means for
these new models, denoted Ml(x,y) and Mz(x,y) indeed satisfy

inequalities of the form
(3.9) M, (x,y) < M(x,y) < M,(x,y)

are based on the unproved assumptions (3.7a,b,c).
IV. Remarks,

1. As a first step in a new theoretical consideration of the
two dimensional Palasti conjecture for either of the Renyi or
Solomon models, the (k+1)Xx abacus model, with k > 1 an integer,
and x > 1 may be easier to consider mathematically. In this
model, a (k+1)Xx parking rectangle, oriented with the coordinates
of its edges at (0,0), (x,0), (0,k+l), (x,k+1), has k horizontal
lines evenly spaced with respective endpoints at (0,2), (x,2) for
1 <2 <k. A line is chosen uniformly at random with probability
1/k each. A unit square car, oriented as usual, is centered on
the chosen line, and dropped horizontally along the line in accord
with a one dimensional Renyi (resp. Solomon) model, and parked on
that line if and only 1if it is not tangent to a prior parked car
on an adjacent line. The process continues until no further unit
square cars may be parked on the abacus. If M(x,k+l), K(x,k+l)

denote the mean total numbers of unit square cars parked in accord
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with a Renyi or Solomon model, respectively, then it may be

possible to obtain, if existent,

(3.10) lim M(x,k)/xk

k, X+

lim K(x,k)/xk .
k,x+o

2. For the ordinary two dimensional Renyi or Solomon models,
it is of interest to determine which portions of the inequalities
of (3.7a-c) do exist. Assumption (3,7b), that the parking density
decreases with size of the parking square area for unit-square
cars appears vitiated by the negative slopes of the lines in
Figure 3, p. 680, of Blaisdell and Solomon (1970).

3. A similarity between random sphere packing demsity in n
dimensions, 1 < n < 6, and relative frequency of one-syllable
English words of length n, and in proportion of matriculates with
bachelors, masters, doctoral degrees, is empirically noted by Dolby
and Solomon (1975). A plausibility argument relates these pheno-
mena by closeness to spherical base regions in an appropriate space.

4. A recent book by Ambartzumian (1982), on pp. 188-189
indicates that the sequential random parking of identical two-dimen-
sional objects on a large parking area is one of the most difficult
problems in combinatorial integral geometry. _

5. Random packing models for elections in Japan are introduced
in Itoh (1978), (1980); Itoh and Ueda (1978), (1979) to explain
percentage gains among candidates of the Liberal Democratic Party,
using computer-generated experiments. Consider a stick of length
x > 2d. The stick is divided into two sticks with lengths x

1
and x, such that x; > d and X, > d. Each possible division

1
is continued until all sticks are shorter than 2d. The sticks
obtained by such a procedure correspond to gaps generated by one-~
dimensional random packing. Consider an election in a certain

constituency. The length x corresponds to the total votes obtained
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by candidates of a certain political party. The party nominates
a candidate if he can obtain at least d votes. The length of
each stick, which results from the above procedure, corresponds
to the votes obtained by a candidate nominated by the party.
Evidence for this model is given in Itoh (1978); Itoh and Ueda
(1978), (1979). In Itoh (1980), the asymptotic behavior of the
following quantity is studied.
Let L(x) denote the minimum of lengths of gaps generated by

a one-dimensional Renyi model of parking unit-length cars on a
segment of length x > 1. Then

x

(3.11) P(L(x+1)>h) = %f P(L(y) > h) P(L(x-y) > h)dy
0

with

0, 0<x<h
P(L(x)>h) =(1, h<x<1
0, x=1.

It is shown by Laplace transforms methods that for 0 < h < 1,
there exists an a(h) > 0 for which

X
(3.12) lim %J LM () >hyax = 1,
X 0

and an algorithm is given to obtain upper and lower bounds for
a(h).

6. Higher dimensional (n > 4) sequential random packing
schemes have been simulated by Itoh and Solomon (1986) using a
Hamming distance criterion for acceptance or rejection of new
points. This ongoing work suggests that the Palasti conjecture
for this model is also false and that the discrepancy is such that
the nth pover of the one dimensional packing density is smaller
than the n-dimensional density.

31




— kg T Tt

A i A ath A d AU Ak -abd - oda-aaat Ba. o e e e Tl

7. An application of the work of Itoh and Soiomon (1986) 1is
to be study of the amino acid code, in which 43 2 64 words are
theoretically possible in the triplet coding system by four species
of nucleotides. The actual number of aminmo acids plus chain
terminator in the code is only 20. 1In the Itoh and Solomon scheme,
consider a set of 26 Z 64 points in 6-space with coordinates
0 or 1. The distance between the points, called the Hamming
distance, is the square of the Euclidean distance between the
points, One point is chosen uniformly at random and recorded.
Another is chosen uniformly from the remainder and recorded if
its Hamming distance is at least 2, otherwise it is discarded.

The next point is chosen at random from the remainder and recorded
if and only if its Hamming distance from each of the recorded
points is at least 2, otherwise it is discarded and the process
continued until no further point may be recorded. It was found
by simulation that the expected proportion of recorded points
based on 10,000 simulations of this procedure was 0.3263, close

to 0,328125 = 21/64,

8, An application to the construction of codes seems to be
emerging. Consider binary sequences of length n (i.e. n-vectors
with entries either 0 or 1), Let the distance between two such
n-sequences be the number of locations with different entries.
Define the weight of a sequence to be the number of 1's (i.e.
the sum of its entries). An (n,M,d) code is a maximal set of

M binary n-sequences such that the minimum of the distances

between sequences is d. An alternative way of viewing an (n,M,d)
code (MacWilliams and Sloane, 1977, p. 41) is to consider each of

T T
» ot

the M n-vectors as vertices of an n-cube, so that finding an
(n,M,d) code is equivalent to finding the maximal number of non-
overlapping spheres (denoted M) centered at the vertices of an
n-cube, each with radius /d/2. A Golay code Gza is a code of

n = 24 dimensional binary sequences, with d = 8, containing one

‘;a?;; P

-

S
R

of weight O, and such that there are certain linear restrictions
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on the last 12 entries of each 24-sequence. One consequence of
the Golay code construction is that there are 4096 = M code
words with these weights

weight 0 8 12 16 24

number of
24-length words

1 1759 | 2576 | 759 1

Itoh and Solomon (1986 - to appear) have found a clever method
of obtaining the Golay code G24 which involves a sequential
random packing simulation as a key component. Starting with the
O-vector (of weight 0), they choose another 24-vector at random
and record it if its Hamming distance is either 8, 12, 16, or 24
from 0, otherwise it is discarded. Continuing until a second
point is recorded, a third point, chosen at random, is recorded
if and only if its distance from the prior two points is either
8, 12, 16, or 24. The process is continued until a total of
12 vectors are obtained in this manner. If the 12 vectors are
linearly independent, then all possible binary sums mod 2 of the
12 vectors are obtained. It was found by simulation that when
this procedure produced 4096 sequences, that their weights were
distributed precisely as in the 024 code given in the previous
paragraph. This may suggest a way of producing high order (large
n) codes by a sequential random packing mechanism.

9. Other papers which consider aspects of sequential random
packing schemes but are not cited in the text of this review are

listed under Other References,

33

L s L e b T A R T R e g M e S,



haiaie bbb bab i ad KAl det 2ol Sl Sal Al ALS b4 AL A 2 -4 TrTTTTTY b c Al e g s 0 s da's s g a0 et nas e s i s ) s |

BIBL IOGRAPHY

Akeda, Y. and Hori, M. (1975). Numerical test of Palasti's con-
jecture on two-dimensional random packing density. Nature,
London 254, 318-319,

Akeda, Y. and Hori, M. (1976). On random sequential packing in
two and three dimensions. Biometrika 63, 361-366.

Ambartzumian, (1982). Combinatorial Integral Geometry, John Wiley
and Sons Ltd. New York, New York. ]

Baddeley, A, (1977). A fourth note on a recent research in geome- f
trical probability. Adv. Appl. Prob. 9, 824-860. ‘

Blaisdell, B. E. and Solomon, H. (1970). On random sequential

packing in the plane and a conjecture of Palasti. J. Appl.
Prob. 7, 667-698.

Blaisdell, B. E. and Solomon, H. (1982). Random sequential packing
in Euclidean spaces of dimensions three and four and a con-
jecture of Palasti. J. Appl. Prob. 19, 382-390.

Dolby, J. and Solomon, H. (1975). Information density phenomena
and random packing. Jour. Appl. Prob. 12, 364-370.

Dvoretzky, A. and Robbins, H. (1964). On the 'parking' problem.
Publ. Math, Inrst. Hung. Acad. Sci. 9, 209-224.

Finegold, L. and Donnell, J. T. (1979). Maximum density of random
placing of membrane particles. Nature, London 278, 443-445,

Goldman, A., Lewis, H. D., and Visscher, W. M. (1974). Random
packing of particles: simulation with a one dimensional
parking model. Technometrics 16, 301-309.

Hori, M. (1979). On Weiner's proof of the Palasti conjecture.
J, Appl. Prob. 16, 702-706.

Hori, M. (1980). Comments on the second letter of Weiner. J. Appl.
Prob. 17, 888-889.

Itoh, Y. (1978). Random packing model for nomination of candidates
and its application to elections of the House of Representa-
tives of Japan. Proc. Internat. Conf. Cybermetics and
Society 1, 432-435.

Itoh, Y. and Solomon, H. (to appear). Random sequential coding by
Hamming distance.

Itoh, Y. and Solomon, H. (1986-to appear). A stochastic construc-
tion of Golay-Leech packing.

Itoh, Y. and Ueda, S. (1978). Note on random packing models for an
analysis of elections (in Japanese). Proc. Inst. Stat. Math.
25, 23-27.

Itoh, Y. and Ueda, S. (1979). A random packing model for elections.
Ann. Inst. Statist. Math. 31, 157-167.

34

$ods ;m;mmmmmd



. S e 0 BRI . Bl diale Sath Bod S Salk dab i

baliaialindl dlad Dol b B A A B A u-a Aia fca Bia p.n g0 Abo 4

Itoh, Y. (1980). On the minimum of gaps generated by one-dimen-
sional random packing. J. Appl. Prob. 17, 134-144.

Jodrey, W. S. and Tory, E. M. (1980). Random sequential packing
in R®. J. Statist. Comput. Simul. 10, 87-93.

Little, D. V. (1974). A third note on recent research in geome-
trical probability. Adv. Appl. Prob. 6, 103-130.

Mackenzie, J. K. (1962). Sequential filling of a line by inter-
vals placed at random and its application to linear absorp-
tion. J. Chem. Phys. 37, 723-728.

MacWilliams, F. J. and Sloane, N. J. A. (1977). The Theory of
Error-Correcting Codes. North-Holland, New York.

Mannion, D. (1964). Random space-filling in one dimension.
Publ. Math. Inst. Hung. Acad. Sci. 9, 143-154.

Moran, P. A. P. (1966). A note on recent research in geometrical
probability. Jour. Appl. Prob. 3, 453-463.

Moran, P. A. P. (1969). A second note on recent research in geome~
trical probability. Avd. Appl. Prob. 1, 73-89.

Mullooly, J. P. (1968). A one~dimensional random space-filling
problem. Jour. Appl. Prob. 5, 427-435,

Ney, P. E. (1962). A random interval filling problem. Ann. Math.
Statist. 33, 702-718,

Palasti, I. (1960). On some random space filling problems. Publ.
Math. Inst. Hung. Acad. Sei. 5, 353-359.

Palasti, I. (1976). On a two-dimensional random space filling
problem. Studia Scientiarium Mathematicarum Hungarica
11, 247-252.

Renyi, A. (1958). On a one-dimensional problem concerming random
space-filling. Publ. Math. Inst. Hung. Acad. Sci. 3, 109-127.

Sharp, G. H. (1974). An approximation to the unrestricted contin-
uous random sphere packing densities. M. A. Thesis, Calif.
State U. San Jose.

Solomon, H. (1967). Random packing density. Proc. Fifth Berkeley
Symp. on Prob. and Stat. 3, 119-134, Univ. California Press.

Tanemura, M. (1979). Has the Palasti conjecture been proved?: A

criticism of a paper by H. J. Weiner. J. Appl. Prob. 16,
697-698.

Tanemura, M. (1980). Some comments on the letters by H. J. Weiner.
J. Appl. Prob. 17, 884-888.

Tory, E. M. and Pickard, D. K. (1979). Some comments on "Sequen-
tial random packing in the plane by H. J. Weiner." J. Appl.
Prob. 16, 699-702.

35




i
0
iy
e
Yy
) S
R
f" Tory, E. M. and Pickard, D. K. (1980). A critique of Weiner's
' work on Palasti's conjecture. J. Appl. Prob. 17, 880-884.
« 4 —_—
Weiner, H. J. (1978). Sequential random packing in the plane.
T J. Appl. Prob. 15, 803-814.
:§ Weiner, H. (1979). Central limit theorem for parking models on
5; the line and plane. Sankya, Ser. A 41, 170-183.
3:' Weiner, H. J. (1979). Reply to letters of M. Tanemura and
E. M, Tory and D. K. Pickard. J. Appl. Prob. 16, 706-707.
ol -
\; Weiner, H. J. (1980). Further comments on a paper by H. J.
:} Weiner. J. Appl. Prob. 17, 878-880.
W
o Weiner, H. J. (1980). Reply to remarks of Professor M. Hori.
! J. Appl. Prob. 17, 890-892.
Ny
~5 OTHER REFERENCES
Ry \_,.
N
o Ahuja, N, and Dubitzki, T. (1980). Some experiments with mosaic
\“ models for images. IEEE Trans. on Systems, Man, and Cyber-
i netics Vol. SMC-10, 11, 744-749.
'; Ahuja, N. and Rosenfeld, A. (1981). Mosaic models for textures.
..” IEEE Trans. on Pattern Analysis and Machine Intelligence
e Vol. PAMI-3, No. 1, 1-11.
e
P2 Bankovi, G. (1962). On gaps generated by a random space filling
procedure. Publ. Math. Inst. Hung. Acad. Sci. 7, 395-407.
o Bernal, J. D. (1959). A geometrical approach to the structure
o of liquids. Nature 183, 141-147.
o Bernal, J. D. (1960a). Geometry of the structure of monatomic
: ’
U\ liquids. Nature 185, 68-70.
. Bernal, J. D. and Mason, J. (1960b). Coordination of randomly
:}J packed spheres. Nature 188, 910-911.
l‘¢ -
{j Bernal, J. D., Mason, J., and Knight, K. R. (1962). Radial dis-
_t; tribution of the random close packing of equal spheres.
N Nature 194, 956-958.
= Besovatov, E. A. (1979). Random covering of a plane by convex
7 figures. Issled. Prikl. Mat. 6, 10-13 (in Russian).
:ﬂ Cohen, E. R. and Reiss, H. (1963). Kinetics of reactant isola-
;"j tion I. One-dimensional problems. J. Chem. Physics 38,
¢ 680-691.
¥ Finegold, L. and Donnell, J. T. (1979). ERRATUM: Maximum density
= of random placing of membrane particles. Nature 278, 379.
xi Hamilton, J. F., Lawton, W. H., and Trabka, E, (1971). Some
h>.- spatial and temporal point processes in photographic science.
~ Eastman Kodak Co. Report, Rochester, N. Y. 14650, 59 pp.
4
R
'v," 36
T
Y

D X e T A v, P JORN, R

~ T I T TR A UL L S O, R gy IR )
B I N AR LA AT LSRG P e, s SR AR TGN |




Al A b M L4
LA KA A At e d adlh abd aih oth ood o gl o d oo R R il B Sl Bl il 2ol ol 208 4 04 8 B8 Sa8 2.8 $ob 2ud o 8 |

Hasegawa, M. and Tanemura, M. (1976). On the pattern of space divi-
sion by territories. Japanese J. Appl. Stat. 5, 47-61
(in Japanese).

Hawley, S. W., Kays, T. H., and Twersky, V. (1966). Fractional
volume effects in scattering by dense random distributions.
Sylvania Electronic Systems Rept. no. EDL-L40, Box 205,
Mountain View, CA 94042, 8 pp.

Higuti, I. (1960). A statistical study of random packing of
unequal spheres. Ann. Inst, Statst. Math. 12, 257-271.

Jackson, J. L. and Montroll, E. W, (1958). Free radical statis-~
tics. J. Chem. Physics 28, 1101-1109.

Itoh, Y. and Hasegawa, M. (1981). Why twenty Amino Acids.
Seibutsubutsuri 21, 21-22 (in Japanese).

Itoh, Y. and Ueda, S. (1978). Note on random packing models for
an analysis of electrons. Proc. Inst. Statist. Math. 25,
23-27 (in Japanese with English summary).

Itoh, Y. and Ueda, S. (1983). On packing density by a discrete
random sequential packing of cubes in a space of n dimen-
sions. Proc., Inst. Statist. Math. 31, 65-69 (in Japanese
with English summary).

Jadaan, K. S. (1979). A comparison between regular and random
packing of particles-an experimental approach. J. Univ.
Kuwait Sci. 6, 49-66.

Mackenzie, J. K. (1962). Sequential filling of a line by intervals
placed at random and its application to linear absorption.
J. Chem. Physics 37, 1, 723-72 .

Mannion, D. (1976). Random packing of an interval. Adv. in Appl.
Prob. 8, 3, 477-501.

Mannion, D. (1979). Random packing of an interval II. Adv. in
Appl. Prob. 11, 3, 591-602.

Mannion, D. (1983). Sequential random displacements of points on
an interval. J. Appl. Prob. 20, 2, 251-263.

Page, E. S. (1959). The distribution of vacancies on a line.
J. Royal Statist. Soc. ler. A 21, 364-374.

Sakaguchi, M. and Tamaki, M. (1982). On the optimal parking problem
in which spaces appear randomly. Bulletin of Informatics and

Cybernetics 20, 1-10.

Schacter, B. and Ahuja, N. (1979). Random pattern generation
processes. Computer Graphics and Image Processing 10, 95-114.

5 |

R T T R S \-‘Qi
W O N O WA T S T A A



L]
4 N
n“‘.‘
. s
w v om
P

AN

>
L8 A
P

. ) :-

o

(3

IRAAS
'y

TTENETTEVE R TR WA AT W T TR e T e e e T T : T T A v K™ g - . -
- - TR "FmOME T T OWETISTVE AT W WY W TR TR T TR TR R OOWTRF TR MTFTMT FTRETYVTYYLOTYYRYYY

Tanemura, M. (1979). On random complete packing by discs. Ann.

Inst. Statist. Math. 31, 351-365.

Wise, M. E. (1952). Dense random packing of unequal spheres.
Philips Research Reports, N. V. Philips' Gloeilampenfabrieken,
Eindhoven, Netherlands 7, 321-343.

38

T RN L T Tt A RV T A DR i Tl Tl Tl R TN S S P
T ey *%:xfxﬂs*x" 'u’uﬁu*\'ﬂ{%ﬂ«‘x“‘\*u*\*u

) L sl X

Nl "l N

i




T UCwTw T T UN T TEw e W OTWE N EWENENEFR I IN TN RSN IFNIVTEFTFITTEIRTENMETFEm ®RyTEn aam T RerRyymr

v‘i;.!". -T
ROSG - - == - - - —
:{“. \
e
:r,;:h UNCLASSIFIED
, .:.. SECURITY CLASSIFICATION OF TH!S PAGE (When Dats Entered)
% = READ INSTRUCTIONS
R, I, REPORTY NUMBER 2. GOVY ACCESSION NO.,| 3. RECIPIENT'S CATALOG NUMBER
POL"
383
St 4. TITLE (and Subdtitle) S. TYPE OF REPORT & PERIOD COVERED
N
) A Review Of The Packing Problem TECHNICAL REPORT
™
LS
'\i‘- §. PERFORMING ORG. REPORT NUMBER
H R
7. AUTHOR(®) 3. CONTRACT OR GRANT NUMBER(®)
: ": Herbert Solomon and Howard Weiner N00014-86-K-0156
R
» : 9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
b Department of Statistics AREA & WORK UNIT NUMBERS
" Stanford University NR-042-267
e Stanford, CA 94305
Shtd 1i. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE
,;3 Office of Naval Research November 12, 1986
Yy Statistics & Probability Program Code 1111 '3. :3"“" OF PAGES
° '. ]
Erdl 14. MONITORING AGENCY NAME & ADDRESS(/! difterent from Controlling Ottice) 13, SECURITY CLASS. (of thia report)
TN UNCLASSIFIED
Rl
: 7 1Sa. DECL ASSIFICATION/ DOWNGRADING
o SCHEDULE
N
:. '::- 16. DISTRIBUTION STATEMENT (of this Report)
L
: APPROVED FOR PUBLIC RELEASE: DISTRIBUTION UNLIMITED
*?‘. ;
5
:b‘,'}s
200
c‘ 17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, If diffsrent frees Report)
2
WO
3 }‘ 8. SUPPLEMENTARY NOTES
b/
A al
".'.\‘ .
::,,.: 19. KEY WORDS (Continue on reverse slde Il necessary and identity by dlock number) =
':i"_:, » Random packing, parking problem, Palasti conjecture, applications.
b
ey \
A_! A
“-',,'a e
‘r:‘-" 20. ABSTRACT (Continue on reverae eide If necessary and identity by block number)
.':a.; -»The random packing problem has been of interest to investigators in several
*-f.'- disciplines. Physical chemists have investigated such models in two and three
o dimensions. Because of analytical difficulties, one-dimensional analogues have
. been explored and these are referred to as the parking problem. A number of
‘.‘g:' results are explored and attempts are made to tie them together. Applications
::"4' are also highlighted. [¢/ -\ -\ 4. :
I'g .
i)
:“10 FCAM
DD | an2s 1473  c£oimion oF 1 wov 6318 OBsoLETE UNCLASSIFIED
$/N 0102-014- 6601
T 39 SECURITY CLASSIFICATION OF THIS PAGE (When Date Bntered)
iy
i 0 e B " 0 . % T AEIAY W T " Ly LACHEATALRTACIES -,(\- \ 1--” < ‘.:-P' he (.
-"0:%“: (% \;»i”v I‘v‘ﬁ‘n‘\'q’!‘n}"'\ .‘l’a L) ct’:‘\':‘i »J"‘lsl‘!‘i‘»‘l‘n \\.‘.i. LA A ||'*| 'ni',‘ﬂ ..n,l 2 " A AN N L gl; SAAN ".Q ] 1_ \ A 5 ‘s;j




N T A W ixwn o WYY

1 1'5;0.'",.h!i'-‘,'o“l,\‘.'o’n'éﬂ;l‘.t’t.l R R N U U O TN (R L)

[}
I"' N3
' ¢
]

i

"i“‘t"
Qb
';? Qr'
o
OATON
2
:4»:"
X %
‘.‘g“!
¥
Y
L
et
l' d
i
el
l’.“lﬁ

kg » .
608

§ ;

NA

o

$

(AN

.’ *ﬁ /
gt

i

o

Iy

[}

W

[

¢

‘?:.s /
T

."ik

a.€'|

Q"'1

,“.'

oy




